We study inequalities for the infima of Green potentials on a compact subset of an arbitrary domain in the complex plane. The results are based on a new representation of the pseudohyperbolic farthest-point distance function via a Green potential. We also give applications to sharp inequalities for the supremum norms of Blaschke products.
arbitrary compact set E was treated in [8] , and more detailed studies of the Riesz measure were accomplished in [7] and [4] . Theorem 1.1 provides important tools for proving a sharp version of (1.1) of the following form. We remark that analogs of Theorems 1.1 and 1.2 can be proved in R n , n ≥ 3, see [1] and [6] for the corresponding theory of Green potentials.
Blaschke products
We use a well known connection of Blaschke products with Green potentials of discrete measures in the unit disk D. Given a finite Blaschke product of degree n B(z) = e This simple idea yields several interesting applications of general results stated in the previous section. Let · E be the supremum norm on a compact set E ⊂ D.
Theorem 2.1. Let E ⊂ D be a compact set of positive capacity. If B k , k = 1, . . . , m, are finite Blaschke products of the corresponding degrees n k , then
where n = m k=1 n k . The constant
cannot be replaced by a smaller value independent of m.
The above result is a generalization of Theorem 2.1 of [8] on products of polynomials in uniform norms. Such inequalities for products of polynomials have been studied since at least 1930s, see [8] , [9] and [10] for history and references. However, (2.1) appears to be the first inequality of this type for Blaschke products. An example with explicit constants, for E being a concentric disk, is given below.
3)
2) is asymptotically sharp, i.e., it cannot be decreased so that (2.1) still holds true for all Blaschke products as specified in Theorem 2.1. However, it is of interest to find an exact constant in (2.3), which is attained for each n ∈ N. Such a constant was found in Mahler's inequality for products of polynomials, cf. [5] . In fact, there are arrays of Blaschke products for which the constant C D E is attained asymptotically in the sense of (2.4) below. It is a natural problem to study and characterize such extremal arrays of Blaschke products. The following two theorems address the problem by essentially stating that extremal arrays of Blaschke products are described by the equidistribution of their zeros according to the Green equilibrium measure for E in D. We also have a partial converse for the latter theorem. 
All results of this section may be easily transplanted into the upper half-plane Π + , by using the standard conformal mapping φ(z) = (z − i)/(z + i) of Π + onto D. Note that finite Blaschke products on Π + take the following form:
Proofs
Proof of Theorem 1.1. It is clear from the definition that
Since g G (z, ζ) is superharmonic in G as a function of z, which holds for every ζ ∈ E, we have that
The Green function g(z, ζ) is positive for any z ∈ G and any ζ ∈ E. Furthermore, we have for its limiting boundary values that lim z→ξ g(z, ζ) = 0 for any ζ ∈ E and quasi every ξ ∈ ∂G, see [1] , [12] and [13] . Hence u(z) is a nonnegative function in G that satisfies
for quasi every ξ ∈ ∂G. The generalized Maximum Principle for harmonic functions now implies that the greatest harmonic minorant of u(z) in G is the function h(z) ≡ 0. We now conclude D φ(E) (φ(z)), z ∈ G, and all Green potentials satisfy corresponding conformal invariance property. Let D r := {w : |w| ≤ r}, 0 < r < 1, and consider K r := φ −1 (D r ). It is clear that K r ⊂ G is a compact set such that E ⊂ K r for r close to 1. Recall that the Martin kernel of D relative to the origin is defined by M (w,
. It is known that the limiting boundary values of the Martin kernel in the unit disk coincide (up to a constant) with those of the Poisson kernel:
see Example 8.1.9 in [1] . In particular, we obtain that
which means that there are ǫ, δ > 0 such that
Using conformal invariance of Green potentials, we obtain from Example 5.13 of [13, p. 133 
We now let w = re iθ = φ(z), and estimate for r sufficiently close to 1 that
Arguing as in the proof of (1.5), we obtain that
by Fubini's theorem and (1.2). It follows that
for all r ∈ (0, 1) sufficiently close to 1. Consequently, we obtain that σ
Recall our notation
For any z ∈ G, the above infimum is attained on E at a point ζ z :
Hence v(t) := u(t) − g G (t, ζ z ) is a subharmonic function that attains its maximum in A at z, which implies that u(t) = g G (t, ζ z ) for all t ∈ A by the Maximum Principle. Consider E = H, where H is a Jordan domain. If we assume that supp σ G E ∩ H = ∅, then there exists ζ ∈ H such that u(t) = g G (t, ζ), t ∈ H. But lim t→ζ u(t) = lim t→ζ g G (t, ζ) = ∞, which means that u(ζ) = ∞ by superharmonicity of u. This is clearly impossible, and we conclude that supp σ
If we assume that supp σ G E is a compact subset of G, then we can find r ∈ (0, 1) such that supp σ G E is contained in the interior of K r , and also E ⊂ K r . Hence the argument from the previous paragraph gives ζ ∈ E such that u(z) = g G (z, ζ) for all z ∈ ∂K r . We thus obtain that
by (1.2) and the regularity of ∂K r . On the other hand, we have
This contradiction implies that supp σ 
We also have for the boundary values of h(z) on ∂G that lim z→ζ h(z) = 0 for q.e. ζ ∈ ∂G by Theorem 5.1(iv) [13, p. 124] . Recall from (1.3) that
Hence the Minimum Principle for superharmonic functions gives that
But the same inequality also holds on E by (1.2).
We shall also use points minimizing discrete Green energy, which are usually called Fekete points. More precisely, an n-tuple of points {ξ k,n } n k=1 ⊂ E is called the nth Fekete points of E if
where the infimum is taken over all n-tuples {z k } n k=1 ⊂ E. The following facts are well known.
Lemma 3.2. Let {ξ k,n } n k=1 be the nth Fekete points of a compact set E ⊂ G.
Then the discrete energies of Fekete points are monotonically increasing to
and
Furthermore, if cap(E) > 0 then the normalized counting measures in Fekete points converge to the Green equilibrium measure in the weak* topology:
Proof. The result of (3.1) is standard, and can be found in many books, see [12, p. 153] for logarithmic potentials, and see [6, p. 160] for Riesz potentials. A very general result of this kind that covers Green potentials was obtained in [3] .
Since we do not have precise references for (3.2) and (3.3), we sketch their proofs here. Note that τ n is a unit measure, so that (1.3) gives
On the other hand, we have for the (n + 1)-tuple (z, ξ 1,n , . . . , ξ n,n ) ⊂ E that
by the extremal property of Fekete points. Hence monotonicity in (3.1) yields that
which immediately implies that
as n → ∞.
Thus (3.2) is proved.
Since τ n , n ∈ N, is a sequence of positive unit Borel measures supported on E, we can use weak* compactness and assume that τ n * → τ as n → ∞ along a subsequence N ⊂ N. It is clear that τ is a positive unit Borel measure supported on E, and that τ n × τ n converges to τ × τ in the weak* topology along the same subsequence. Let
is a continuous function in z and ζ, and K M (z, ζ) increases to g G (z, ζ) as M → ∞. Using the Monotone Convergence Theorem, we obtain for the Green energy of τ that
where we used (3.1) on the last step. Since the Green energy of a probability measure supported on E attains its minimum V G E only for the equilibrium measure µ G E , see Theorem 5.10 of [13, p. 131], we obtain that τ = µ G E . The latter argument holds for any subsequence N ∈ N, which means that (3.3) is also proved.
Proof of Theorem 1.2. Since Green potentials are superharmonic in G, each potential U ν k G attains its infimum on E at a point c k ∈ ∂E:
Let ν := m k=1 ν k , so that ν is a unit measure with potential
Using Theorem 1.1 and Fubini's theorem, we obtain that
It remains to prove the sharpness of C G E . We use the nth Fekete points {ξ k,n } n k=1 ⊂ E for this purpose. Let
ν k,n = τ n is a positive unit measure supported on E. The left hand side of (1.6) may be written as follows:
Since the function − log d
On the other hand, we have for the right hand side of (1.6) that
by (3.2) . Hence (1.6) turns into equality when we pass to the limit as n → ∞.
Proof of Corollary 1.3. Recall that
Hence we have Computing Laplacian, we obtain that
Elementary integration using polar coordinates implies that
, 0 ≤ R < 1, and (1.10) follows by letting R → 1. It is known [13, p. 133 ] that V D Dr = − log r, and dµ
Hence we immediately obtain (1.11) from (1.7).
Proof of Theorem 2.1. Suppose that the Blaschke products B k have the following form
We define the measures
and observe that
Note that the total mass of m k=1 ν k is equal to 1, so that we can apply Theorem 1.2 here. Since
1) is a direct consequence of (1.6). Using the explicit form of Green function
we obtain (2.2) from (1.7). In order to prove that C We need the following version of Lower Envelope Theorem for Green's potentials in the sequel. 
Proof. It is known that the Green potential of any measure ν supported on G can be expressed via the regular logarithmic potentials of ν and its balayageν from G onto ∂G: 
for quasi every z ∈ C.
Proof of Theorem 2.3. Let z j,l , j = 1, . . . , n l , be all zeros of the product On the other hand, Lemma 3.1 implies that
